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Consistent low-energy reduction of the three-band
model for copper oxides with O-O hopping to the
effective t-J model
V.I. Belinicher and A.L. Chernyshev
Institute of Semiconductor Physics, 630090, Novosibirsk, Russia
Abstract
A full three-band model for the CuO2 plane with inclusion of all essential inter-
actions - Cu-O and O-O hopping, repulsion at the copper and oxygen and between
them - is considered. A general procedure of the low-energy reduction of the primary
Hamiltonian to the Hamiltonian of the generalized t-t′-J model is developed. An
important role of the direct O-O hopping is discussed. Parameters of the effective
low-energy model (the hopping integral, the band position and the superexchange
constant J are calculated. An analysis of the obtained data shows that the experi-
mental value of J fixes the charge transfer energy ∆ = (ǫp − ǫd) in a narrow region
of energies.
PACS Numbers: 74.70.Ya, 72.80.Ga
1
I. Introduction
Since the discovery of high-Tc superconductors, major theoretical efforts were devoted to
finding the simplest model which would contain all details relevant to superconductivity.
Anderson first suggested [1] that the two-dimensional single-band t-J model fits well for
this role.
Now there is a general agreement that the CuO2 planes are common to all high-
temperature superconductors. A realistic model for these planes was proposed from the
first principles by Emery [2], Varma, Schmitt - Rink and Abrahams [3], and Gaididei and
Loktev [4].
During last years there was a polemic about the equivalency of the t-J model and
the Emery model [2] in the low-energy limit. The principal step was made in the work
of Zhang and Rice [5], where they proposed the idea of the local singlet and idea of the
Wannier representation for O-states. The problem of the low-energy reduction has been
intensively investigated [6]-[9]. The singlet - triplet effective Hamiltonian was obtained in
works of Yushankhai and Lovtsov [9] and Shen and Ting [7]. In our recent work [10] the
quantitative comparison of the exact solution for the three-band model with the solution
for the generalized t-J model was performed. However, the situation seems not completely
clarified since (1) most of the above-named works were dealing with the unrealistic region
of parameters t ≪ Ud,∆, where t is the Cu-O hopping integral, Ud is the Coulomb
repulsion at the Cu site, ∆ = (ǫp − ǫd) is the charge-transfer energy, and (2) all above
named works did not consistently take into account the direct O-O hopping.
In this work we develop a general approach to the consistent low-energy reduction of
the three-band model. For this we following by Zhang and Rice [5] transform the primary
Hamiltonian of the model from the terms of the usual oxygen states to the terms of
symmetrical and antisymmetrical orthonormalized oxygen states on O - clusters. Further
we introduce a new basis of the local states with the certain number of particles. Since
only the systems with filling close to unity are of interest , we restrict ourselves to one- and
two-hole local states. After that, the diagonalization of the local part of the Hamiltonian
presents no special problems. It should be noted that we consider the direct O-O hopping.
We have found that it does not change crucially the picture of the local states but play
an important role for the effective hopping parameters. Next, we hold only the lowest
two-hole local singlet state and consider its transitions over the background of the lowest
one-hole (spin) states. Thus, we get the t-t′-J model. All other states we take into
account perturbatively, by applying the canonical transformation. In this way we obtain
the general form of the second-order corrections to the t-t′-J model and the expression
for the superexchange constant J .
At the beginning, we investigate three limiting cases of the complete three-band model.
Because the Gilbert spaces in these limiting cases are restricted, mathematical treatment
is simplified. Further, we investigate the general case of the three-band model in the
region of parameters where the charge-transfer insulator [11] is the ground state of the
undoped system. We conclude that the t-J model is valid for the doped charge-transfer
insulator, i.e. corrections to it are small. Corrections to the hopping integrals at the
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second and other neighbors are not relatively small, and thus the simple t-t′-J model does
not follow from the three-band model. Since the experimental value of the superexchange
constant J is known very well, we determine the value of the charge-transfer energy ∆
through J . We have found that a narrow region of energies for ∆ is suitable.
We also consider the repulsion at the O site Up and the repulsion between the Cu
and O ions Vpd terms in the framework of our approach. Their influence on the values of
∆ and the first hopping integral t1 is discussed. Thus, we perform a consistent and full
consideration of the three-band model.
In Sec. II we represent the three-band Hamiltonian in terms of new oxygen states.
In Sec. III we diagonalize the local Hamiltonian and rewrite it in terms of the Hubbard
operators. In Sec. IV the low-energy reduction procedure is developed. In Sec. V three
limiting cases of the three-band model are considered. In Sec. VI the quantitative analysis
is performed. In Sec. VII the Up and Vpd terms are considered. Section VIII presents our
conclusions. In Appendices A and B the explicit form of the required matrix elements are
presented. In Appendix C the three-hole states are considered. In Appendix D the shifts
of the energies of local states connected with Up and Vpd terms are presented.
II. Three-band Hamiltonian
The three-band model studied in this paper was originally proposed by Emery [2]. It
is given by the following Hamiltonian
H = ǫd
∑
l,α
ndlα + ǫp
∑
m,α
npmα + Ud
∑
l
ndl↑n
d
l↓ +∆H +H
′ (2.1)
∆H = Up
∑
m
npm↑n
p
m↓ + Vpd
∑
〈lm〉,α,β
ndlαn
p
mβ , (2.2)
where l and m denote summation over the Cu- and O-sites respectively, ndlα = d
+
lαdlα,
npmα = p
+
lαplα, d
+
lα (dlα) creates (annihilates) the Cu (3dx2−y2) hole, p
+
lα (plα) creates (anni-
hilates) an O (px, py) hole. Ud and Up are intrasite Coulomb repulsion at the copper and
oxygen respectively, Vpd is the intersite repulsion between the nearest Cu and O holes.
The hybridization Hamiltonian H ′ includes Cu-O and O-O hopping terms:
H ′ = t
∑
〈lm〉α
(d+lαpmα +H.c.)
−tp
∑
〈mm′〉α
(p+mαpm′α +H.c.) , (2.3)
where 〈l, m〉 denotes the nearest-neighbor Cu and O sites and 〈mm′〉 denotes the nearest-
neighbor O sites. The quantities t and tp are positive. In Eq. (2.3) the sign convention
corresponds to the change of the signs of the operators at the odd sites, which corre-
sponds to the shift of quasimomentum space by (π/a, π/a). As was proposed in [12], such
transformation makes all O-O hopping constants of the same sign and negative.
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The three-band model (2.1),(2.3) and its modifications have been studied recently by
many authors [6, 19, 20]. One of the simplifications used in all analytical works was
neglecting the repulsion at the oxygen and between the nearest - neighbor copper and
oxygen. To take into account the main effect, we will firstly consider the model (2.1) -
(2.3) without Up and Vpd terms and later include these terms as the perturbation.
The Fourier - transformed Hamiltonian (2.1) - (2.3) with the above named restriction
is given by
H0 = ǫd
∑
k,α
d+
kαdkα + ǫp
∑
k,α
(p+
kαxpkαx + p
+
kαypkαy)
+Ud
∑
k1+k2=k3+k4
d+
k1↑
dk2↑d
+
k3↓
dk4↓ , (2.4)
and
H ′ = 2t
∑
kα
{d+
kα[pkαx cos(kx/2) + pkαy cos(ky/2)] +H.c.}
−tp
∑
kα
{2[cos((kx + ky)/2) + cos((kx − ky)/2)]p+kαxpkαy +H.c.} (2.5)
where
dk =
∑
l
dl exp(−ikrl) , pkx(y) =
∑
m∈x(y)
pm exp(−ikrm) , (2.6)
m ∈ {x(y)} denotes the x(y) O-sublattices. Hereafter, the lattice constant is equal to
unity. It is reasonable to introduce the symmetrical and antisymmetrical orthonormalized
p-operators combination as
qk = (cos(kx/2)pkx + cos(ky/2)pky)(1 + γk)
−1/2,
q˜k = (− cos(ky/2)pkx + cos(kx/2)pky)(1 + γk)−1/2,
where γk=(1/2)(cos(kxa)+ cos(kya)).
Thus, the pd- hybridization term in H ′ includes only the symmetrical state [5]. In
terms of these operators (2.7) we rewrite the Hamiltonian (2.4), (2.5) as:
H0 = ǫd
∑
k,α
d+
kαdkα + ǫp
∑
k,α
(q+
kαqkα + q˜
+
kαq˜kα)
+Ud
∑
k1+k2=k3+k4
d+
k1↑
dk2↑d
+
k3↓
dk4↓ , (2.7)
H ′ = 2t
∑
kα
λk{d+kαqkα +H.c.}
−tp
∑
kα
{µk[q+kαqkα − q˜+kαq˜kα] + νk[q+kαq˜kα + q˜+kαqkα]}
were quantities λk, µk, νk are
λk = (1 + γk)
1/2 ,
µk = 8 cos
2(kx/2) cos
2(ky/2)(1 + γk)
−1/2 ,
νk = 4 cos(kx/2) cos(ky/2)(cos
2(kx/2)
− cos2(ky/2))(1 + γk)−1/2 .
4
It is not convenient to treat this Hamiltonian in the k-space due to the strong hole
repulsion at the copper sites or large value of the parameter Ud in this Hamiltonian.
For taking into account this term precisely, we return to lattice representation for our
Hamiltonian. After inverse Fourier transformation, Hamiltonian (2.7) has the form:
H0 = ǫd
∑
l,α
d+lαdlα + ǫp
∑
l,α
(q+lαqlα + q˜
+
lαq˜lα)
+Ud
∑
l
d+l↑dl↑d
+
l↓dl↓
H ′ = 2t
∑
〈ll′〉α
λll′(d
+
lαql′α +H.c.) (2.8)
−tp
∑
〈ll′〉α
{µll′(q+lαql′α − q˜+lαq˜l′α)
+νll′(q
+
lαq˜l′α +H.c)} ,
where
(ql, q˜l) =
∑
k
(qk, q˜k) exp(−ik(rl)) ,
{λ, µ, ν}ll′ ≡ {λ, µ, ν}(l− l′) (2.9)
=
∑
k
{λ, µ, ν}k exp(−ik(l− l′)) ,
where summation over k is produced over the Brillouin zone, coefficients λ, µ, ν decrease
rapidly with increasing |l− l′|. The values of λ, µ and ν for small |l− l′| are given in Table
I. It is easy to get that ν0 ≡ ν00 = 0 and νn,n ≡ ν(nx + ny) = 0.
One can divide Hamiltonian (2.8) into the local and hopping parts
Hloc = ǫd
∑
l,α
d+lαdlα + (ǫp − µ0tp)
∑
l,α
q+lαqlα
+(ǫp + µ0tp)
∑
l,α
q˜+lαq˜lα
+Ud
∑
l
d+l↑dl↑d
+
l↓dl↓ (2.10)
+2tλ0
∑
ll′α
(d+lαqlα +H.c.) ,
Hhop = 2t
∑
ll′α
λll′(d
+
lαql′α +H.c.)
−tp
∑
ll′α
{µll′(q+lαql′α − q˜+lαq˜l′α)
+νll′(q
+
lαq˜l′α +H.c.)} ,
hereafter sum over l, l′ means that l 6= l′. Now, one can discuss the reasons for transfor-
mation from the Hamiltonian (2.1) - (2.3) to (2.10) . The copper d-state hybridizes only
with the symmetrical oxygen q-state [5]. Taking into account the direct O-O hopping
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does not change this picture. After this separation out of the strongly interacting d and
q local states, one can find the full energy spectrum of the one- or two-hole local states
and solve the problem of the low-energy two-hole state at the background of the one-hole
states (spins) consistently. The direct O-O hopping only slightly shifts the energies of the
oxygen states with the opposite symmetry. But its contribution to the effective hopping
parameters will be very important (see Sec. V). The transformed Hamiltonian (2.10) with
the definitions (2.9) is equivalent to the Hamiltonian (2.1), (2.3) without the additional
Coulomb terms Up and Vpd and describes the three-band model exactly.
III. Diagonalization of the local Hamiltonian
In this paper we study the model relating to high-temperature superconductors, which
are the systems with a nearly half-filled band. Thus, we shall concentrate our attention on
the case of one hole over unit filling in the framework of the three-band model. Namely,
we determine the space of one- and two-hole local states of the CuO2 plane. A primary
set of states in the one-hole sector is
|dα〉 ≡ d+α |0〉 , |qα〉 ≡ q+α |0〉 ,
|q˜α〉 ≡ q˜+α |0〉 . (3.1)
The two-hole singlet sector has a set of states
|ψ〉 ≡ d+↑ d+↓ |0〉 , |ϕ〉 ≡ q+↑ q+↓ |0〉 , |χ〉 ≡ (1/
√
2)(d+↑ q
+
↓ − d+↓ q+↑ )|0〉 ,
|ϕ˜〉 ≡ q˜+↑ q˜+↓ |0〉 , |χ˜〉 ≡ (1/
√
2)(d+↑ q˜
+
↓ − d+↓ q˜+↑ )|0〉 , (3.2)
|η˜〉 ≡ (1/
√
2)(q+↑ q˜
+
↓ − q+↓ q˜+↑ )|0〉 ,
The two-hole triplet sector is
|τ〉 ≡
(
d+↑ q
+
↑ , d
+
↓ q
+
↓ , (1/
√
2)(d+↑ q
+
↓ + d
+
↓ q
+
↑ )
)
|0〉 ,
|τ˜〉 ≡
(
d+↑ q˜
+
↑ , d
+
↓ q˜
+
↓ , (1/
√
2)(d+↑ q˜
+
↓ + d
+
↓ q˜
+
↑ )
)
|0〉 , (3.3)
|ζ〉 ≡
(
q+↑ q˜
+
↑ , q
+
↓ q˜
+
↓ , (1/
√
2)(q+↑ q˜
+
↓ + q
+
↓ q˜
+
↑ )
)
|0〉 ,
where |0〉 is the vacuum state (state without holes on a cluster). Hence, we have three
one-hole and nine two-hole states. As will be shown below, some of these states do not
play any role in a low-energy model. In this part of the work we shall consider only the
local part Hloc of the Hamiltonian (2.10). It is convenient to express this Hamiltonian in
terms of the Hubbard operators rather than in terms of the usual Fermi operators. Such
representation of the Hamiltonian (2.10) in the one- and two-hole sector in terms of states
(3.1-3.3) has the form:
H1loc =
∑
l,α
{ǫdXdαdαl + (ǫp − µ0tp)Xqαqαl
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+(ǫp + µ0tp)X
q˜αq˜α
l
+2tλ0(X
dαqα
l +H.c.)} ,
H2loc =
∑
l
{[
(Ud + 2ǫd)X
ψψ
l + 2(ǫp − µ0tp)Xϕϕl
+(ǫd + ǫp − µ0tp)Xχχl + 2
√
2tλ0(X
χψ
l +X
χϕ
l +H.c.)
]
(3.4)
+2(ǫp + µ0tp)X
ϕ˜ϕ˜
l +
[
(ǫd + ǫp + µ0tp)X
χ˜χ˜
l + ǫpX
ηη
l
+2tλ0(X
χ˜η
l +H.c.)
]
+ (ǫd + ǫp − µ0tp)
∑
m=±1,0
Xτmτml
+
∑
m=±1,0
[
(ǫd + µ0tp)X
τ˜mτ˜m
l + ǫpX
ζmζm
l + 2tλ0(X
ζmτ˜m
l +H.c.)
]
 ,
where the upper index 1,2 marks one- and two-hole sector of the local Hamiltonian, Xabl
is the Hubbard operator at the site l:
Xabl ≡ |a l〉〈b l| , a, b = {dα, qα, q˜α, ψ, ϕ, χ, χ˜, η, τm, ζm, τ˜m}, (3.5)
where index α = ±1/2 in H1 is a spin projection, m ≡ ±1, 0 in H2 denotes triplet
components.
The representation of Hloc (2.10) in terms of the Hubbard operators Eq. (3.4) allows
us to solve simply the one-site problem. The diagonalization of H1loc, H
2
loc is performed at
each site independently. After the diagonalization, H1loc is given by
H1loc =
∑
l,α
{
ǫfX
fαfα
l + ǫgX
gαgα
l
+(ǫp + µ0tp)X
q˜αq˜α
l
}
, (3.6)
where
ǫf,g = −∆1 ∓ R1 , ∆1 = (∆ + µ0tp)/2 ,
R1 = (∆˜
2 + 4t2λ20)
1/2, ∆˜ = (∆− µ0tp)/2, ∆ = ǫp − ǫd , (3.7)
|fα〉 and |gα〉 are the lower and higher one-hole cluster states
|fα〉 = U |dα〉 − V |qα〉 ,
|gα〉 = V |dα〉+ U |qα〉 , (3.8)
U = ((R1 + ∆˜)/2R1)
1/2 ,
V = ((R1 − ∆˜)/2R1)1/2 ,
Our approach gives us the reasons to assume that in the low-energy limit at unit filling
the background of the CuO2 plane consists of the lowest |fαl〉-states (3.8) at each cluster.
Such state is a linear combination of the d-hole state and the orthonormalized symmetrical
q-hole state at the nearest oxygens. Virtual transitions of holes in the |fα〉-states (spins)
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at the neighbor sites and back provide the antiferromagnetic type of interaction between
these spins.
In H2loc (3.4) there are different sectors, separated by the square brackets, which are
diagonalized independently. The first sector includes the three singlets dd, qq, and dq. One
can prove that diagonalization of this sector gives the lowest singlet with the eigenenergy
well below than the eigenenergies of other states. Thus, the diagonalized two-hole part of
the Hamiltonian (3.4) is
H2loc =
∑
l
{
E−X
cc
l +
∑
y
E−X
yy
l
}
, (3.9)
where E− is the energy of the lowest singlet |c〉, Ey are the energies of the upper states,
y is the set of the two-hole local states without |c〉. For the analytical expression of the
eigenenergies and for the set of eigenstates see Sections V, VI. After diagonalization of
the local part (3.4) of the full Hamiltonian (2.10), one can introduce the nondiagonal
Hubbard operators and rewrite the hopping Hamiltonian (2.10) in terms of transitions
between local eigenstates at different sites.
IV. Low-energy reduction
A. Zero order
As was noted, we assume that at unit filling there are holes in the lowest |fα〉-states
(spins) at each cluster. We will demonstrate below that these spins interact antiferro-
magnetically. A general expression for the superexchange constant J is derived in Section
IV.D.
For the case of one hole over unit filling we take into account only the lowest singlet
and its transitions from site to site. All upper two-hole states and transitions to them are
projected out. Such procedure gives the t-t′-J model with hopping at all neighbors in the
explicit form:
Ht−t′ = E−
∑
l
Xccl +
∑
ll′α
tll′X
fα,c
l′ X
c,fα
l , (4.1)
where |c〉 is the lowest singlet, |fα〉 is the lowest one-hole state, tll′ are the effective
hopping parameters from l to l′ site. In more usual terms this Hamiltonian (4.1) may be
written as
Ht−t′ = E−
∑
l
(1− nˆcl + dˆcl ) +
∑
ll′,α
tll′ c˜
+
lαc˜l′α
c˜lα = clα(1− nˆl,−α) , c˜+lα = (c˜lα)+ , nˆl = (c+l · cl) , dˆcl ≡ c+↑ c↑c+↓ c↓. (4.2)
Here c+lα, clα are the electron creation and annihilation operators.
In the next part of the work we will consider the second-order perturbation theory,
which gives us a criterion of validity of the t-t′-J model (4.1). Thus, if corrections to
the energy and the hopping integrals for the lowest singlet from virtual transitions to the
upper states are small, one can argue that this model (4.1) is valid.
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B. Schrieffer-Wolff transformation
By diagonalization of the local part of the primary Hamiltonian (3.4) we obtain a set of
the local states. For the low-energy processes one can consider only the lowest states and
include all others perturbatively. We use the Schrieffer-Wollf (S-W) transformation [17]
H ⇒ H˜ = exp (−S)H exp (S) , S+ = −S. (4.3)
for getting the second-order correction to the pure t-t′-J model. On this way we use
the smallness of the {λ, µ, ν}ll′ constants for |l − l′| 6= 0. The first-order generator of
transformation S and second-order correction are given by
[H0, S] = −H ′, δH2 = (1/2)[H ′, S] , (4.4)
For the case of one hole over unit filling H0 ≡ H2loc + H1loc + Ht−t′ (3.6,3.9,4.1) and
H ′ includes all terms of Hhop (2.10) which are relevant to the transition between the
lowest singlet and all of the upper two-holes states. In terms of the nondiagonal Hubbard
operators the Hamiltonian H ′ is given by
Hhop =
∑
ll′αβ
∑
y
′ F fβ,yll′,α
{
Xy,fαl X
fβ,c
l′ +H.c.
}
+
∑
ll′αβ,y
F gβ,yll′,α
{
Xy,fαl X
gβ,c
l′ +H.c.
}
, (4.5)
where y is the set of the two-hole states, the prime in the sum (4.5) denotes absence
of contribution of the lowest singlet state; fα and gβ are the one-holes states (3.8).
The second term in Eq.(4.5) is essential only for correction to the energy E− of the c-
singlet. The first term in Eq.(4.5) provides corrections both to the energy and to the
hopping integrals. F xβ,yll′α are the matrix elements of transitions between |cl′〉 ⊗ |fαl〉 and
|xβl′〉 ⊗ |yl〉 states (x = f, g). Their explicit form is presented in Appendix A.
In the case of unit filling, H0 for Eq.(4.4) is
H0 ≡ H2loc +H1loc
and H ′ is
H ′ =
∑
ll′αβ,y
Dyll′,αβ
{
Xy,fαl X
0,fβ
l′ +H.c.
}
, (4.6)
where |0〉 is the state without holes, Dyll′,αβ are the matrix elements of transition of two
holes at different sites into the two-holes state y : |fαl〉⊗|fβl′〉 ⇒ |0l〉⊗|yl′〉 (see Appendix
B). Corresponding generators of the S-W transformation are given in Appendices A,B.
C. Second-order corrections
Here we derive a general form of corrections to the t-t′-J model. By applying the S-
W transformation (4.3), (4.4) to the Hamiltonian H ′ (4.5) one can get correction to the
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Hamiltonian of c-singlet [10]
δHE = −
∑
ll′
Mll′X
cc
l Nˆl′ (4.7)
with
Mll′ =
∑
y
′ |F f,yll′ |2
Ey −E− +
∑
y
|F g,yll′ |2
Ey − E− + ǫg − ǫf , (4.8)
and Nˆl = X
↑↑
l +X
↓↓
l .
Corrections to the hopping Hamiltonian have the form [10]
δHt =
∑
lnl′αβ
∑
y
′ T ylnl′
{
xyX
fα,c
l X
c,fα
l′ Nˆn
+zyX
fα,c
l X
c,fβ
l′ (σαβSn)
}
, (4.9)
where
Sl = (1/2)σαβX
αβ
l ,
here xy = 1/2 for singlets and xy = 3/4 for triplets; zy = 1 for singlets and zy = −1/2 for
triplets
T ylnl′ =
F ylnF
y
nl′
Ey − E− . (4.10)
In Eqs. (4.8), (4.10) we express parametersM and T through the matrix elements without
spin structure. They are connected with the primary matrix element as
F xβ,yll′,α = δαβF
x,y
ll′ , (4.11)
for y=singlet and
F xβ,yll′,α = (2β)[mαβ¯]F
x,y
ll′ , (4.12)
for y= triplet, where [mαβ¯] = 〈1/2α|1/2β¯, 1m〉 are the Clebsh-Cordon coefficients , m =
±1, 0 are spin-1 projections, α, β = ±1/2 are the spin-1
2
projections, β¯ = −β. One can
see that the corrections (4.7), (4.9) to the t-t′-J Hamiltonian (4.1) depend on the filling
(Nˆ -term in δHE and δHt) and magnetic order (S term in δHt ). Such terms can not be
expressed through the simple direct hopping.
In Section V we will analyze quantitatively the relative magnitudes of the second-order
corrections. Validity of the t-J model, as well as correctness of inclusion of hopping at
the next neighbors are well checked by this analysis.
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D. Superexchange interaction
In our approach the superexchange interaction arises in the second order of the per-
turbation theory over hopping of holes at neighboring cluster and back. The situation
is similar to calculation of the superexchange interaction in the simple Hubbard model
(4t2/U). Of course, in the case of small t our result for the superexchange constant must
be proportional to t4 as was calculated in earlier works [6, 19] in the fourth order of
perturbation theory. From Eq. (4.6) one can get
δH2 = HJ =
∑
ll′
(Jll′SlSl′ + Yll′NˆlNˆl′) . (4.13)
Such form (4.13) is more general than in the t-J model. Firstly, there are interac-
tions between all pairs of spins. Due to the rapid decrease of the constant {λ, µ, ν},
(J〈ll′〉2,3 ∼ 10−2J〈ll′〉), one can omit all next-nearest neighbor terms in Eq. (4.13) and get
the Heisenberg term of the usual t-J Hamiltonian. Secondly, Yll′ 6= −(1/4)Jll′ because
the hole may virtually hop into triplet states and back, i.e.
Jll′ =
∑
y
xy
|Dyll′|2
ǫy + ǫ0 − 2ǫf ,
Yll′ = −
∑
y
zy
|Dyll′|2
ǫy + ǫ0 − 2ǫf , (4.14)
with xy = 2 and zy = 1/2 for y =singlet, xy = −1 and zy = +3/4 for y=triplet. Dyll′ are
connected with the matrix elements Dyll′αβ as follows
Dyll′,αβ = (2α)δαβ¯D
y
ll′ (4.15)
for y=singlet,
Dyll′,αβ = [mαβ]D
y
ll′ (4.16)
for y =triplet. One can check that in the limit t ⇒ 0 the reduced matrix element Dyll′ is
proportional to t and the superexchange constant Jll′ has contribution proportional to t
2.
But such contributions from the singlet and the triplet two-hole states are cancelled, and
we get usual result which is proportional to t4.
V. Limiting cases
In the previous parts of the work we consistently reformulated the three-band model
and passed from the terms of the primary Fermi operators of the hole at the copper and
at the oxygens to the one- and two-holes states Hubbard operators on the cluster. For the
problem of one hole over unit filling we established the general form of the low-energy the
t-t′-J model (4.1), the general form of the corrections to it (4.7), (4.9), and the general
form of the spin interaction at unit filling (4.13). Now we will consider three limiting
cases, all with special constraints on the Gilbert space of the problem. Such constraints
simplify the mathematical treatments and provide the possibility to get results in the
analytical form.
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A. The case of ∆≪ Ud
This case was considered by Lovtsov and Yushankai [9]. We include into this problem
direct O-O hopping and make consideration more complete.
Such limit (Ud ⇒∞) pushes up in energy the state with double occupation of the cop-
per. Thus, one can ignore |ψ〉-singlet state (3.2). After such simplification diagonalization
of the two-particle sector of the Hamiltonian (3.4) presents no problems
H2loc =
∑
l
{
E−X
cc
l + E+X
bb
l
+2µ0tpX
ϕ˜ϕ˜
l + E˜−

X c˜c˜l + ∑
m=±1,0
X t1m t1ml

 (5.1)
+E˜+

X b˜b˜l + ∑
m=±1,0
X t2m t2ml

− (∆ + µ0tp) ∑
m=±1,0
Xτm τml

 ,
where c, b are the lowest and highest singlets of q−d sector, c˜, b˜ are the lowest and highest
q˜ − d singlets, t1, t2 are the lowest and highest q˜ − d triplets, τ and ϕ˜ are determined in
Eqs. (3.2), (3.3). All energies are counted from ǫp (hereafter ǫp = 0). E± = −∆2 ± R,
∆2 = 1/2(∆ + 3µ0tp), R = (∆˜
2 + 8t2λ20)
1/2, E˜± = −∆˜ ± R1, ∆˜ = (∆ − µ0tp)/2. New
eigenstates are connected with the primary set of states (3.2), (3.3), as
|c〉 = −a|ϕ〉+ b|χ〉 , |b〉 = b|ϕ〉+ a|χ〉 ,
b = ((R + ∆˜)/2R)1/2 , a = ((R− ∆˜)/2R)1/2 , (5.2)
|c˜〉 = U |χ˜〉 − V |η˜〉 , |b˜〉 = V |χ˜〉+ U |η˜〉 ,
|t1〉 = U |τ˜ 〉 − V |ζ〉 , |t2〉 = V |τ˜〉+ U |ζ〉 , (5.3)
U and V are determined in Eq.(3.8) The energies of the local states at Ud ⇒∞ (5.1) for
values of the hopping parameters t = 1.4 eV, tp = 0.7 eV and ∆ = 3.66 eV are given in
Table II.
Next, we follow the scheme of Sec. III. Explicit forms of parameters of the t-t′-J model
are
Ec = E− = −(∆ + 3µ0tp)/2− R
tll′ = 2tλll′V b(bU +
√
2V a) + tpµll′(
√
2aV + Ub)2/2 , (5.4)
Hopping parameters for the first four neighbors at values of parameters mentioned above
are given in Table II. One can see the important role of the direct O-O hopping. Its
contribution to the full amplitude of hopping at the nearest neighbor ≈ 50%. Explicit
form of the matrix elements F yxll′ and D
y
ll′ one can get from Eqs. (5.2), (4.5), (4.6), and
(2.10). They are given in Appendices A and B. Relative magnitudes of corrections to the
hopping and energy are presented in Tab. II. Corrections to the energy and to the first
hopping parameter are 4.1% and 3.1%, respectively. Thus, the t-J model is valid for this
case. It seems that inclusion of hopping at the second and third neighbor to the t-t′-J
model is justified because corrections to them are small enough.
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B. The case (Ud −∆)≪Ud
This case was considered by the authors [10] without the O-O direct hopping. In Ref.
[10] we assumed that at unit filling there is one hole (spin) per copper site. In terms of
the present work we ignored the admixture of the |q〉-state to |d〉-state. We also assumed
that there are no doubly occupied oxygen degrees of freedom. Both assumptions are valid
over the parameter ∼ t/Ud. Such constraints lead to U =1, V=0 (see Eq.(3.8)) and rather
simple form of the diagonalized Hamiltonian H2loc
H2loc =
∑
l

E−Xccl + E+Xbbl − (δ + µ0tp)
∑
m=±1,0
Xτm τml
−(δ − µ0tp)

X χ˜χ˜l + ∑
m=±1,0
X τ˜m τ˜ml



 ,
where E± = −∆1 ± R, ∆1 = 1/2(Ud − 3∆− µ0tp), R = (∆˜2 + 8t2λ20)1/2, ∆˜ = (Ud −∆+
µ0tp)/2, and
|c〉 = −a|ψ〉+ b|χ〉 , |b〉 = b|ψ〉+ a|χ〉 ,
b = ((R + ∆˜)/2R)1/2 , a = ((R− ∆˜)/2R)1/2 . (5.5)
The explicit form of parameters of the t-t′-J model is following
Ec = E− = −(Ud − 3∆− µ0tp)/2− R
tll′ = 2tλll′
√
2ba + tpµll′b
2/2 . (5.6)
The spectrum of the local energies and first four hopping integrals at Ud = 8 eV and
∆ = 3.65 eV are given in Table III. One can see that direct O-O hopping is less important
than for the case A. It is evident, because part of the oxygen degrees of freedom is excluded
from consideration. Expressions for the matrix elements of transitions to the excited states
F xyll′ , D
y
ll′ one can easily get from (5.5), (5.5), and (2.10). They are given in Appendices
A and B. A correction to the energy is not so small as for the case A. (see Table III). It is
close to 13%, a correction to the first hopping is close to 4.0%. Thus, the t-J model may
be valid. Inclusion of hopping at next neighbors requires consideration of corrections in
the form (4.9) because they are not relatively small. They have a complicated structure.
One can see a discrepancy in our approach. We assume that (Ud −∆)≪Ud, i.e. ∆ ≈Ud,
while the realistic region for ∆ (for which J ≃ 126 meV) is close to 3.6 eV. Such situation
is explained by the importance of the oxygen states for the three-band model.
C. The special case of the complete model
Here we consider the complete three-band model (3.4) without any constraints on the
Gilbert space. Let us put (Ud − 2∆) = −2µ0tp. Such choice of the parameters leads to
13
accidental degeneracy of the energies of the qq and dd singlets. The q − d singlets sector
of the Hamiltonian (3.4) is written as
H2loc =
∑
l
{[
EψX
ψψ
l + EϕX
ϕϕ
l
−(∆ + µ0tp)Xχχl + 2
√
2tλ0(X
χψ
l +X
χϕ
l +H.c.)
]
+ . . . , (5.7)
where Eψ = Eϕ = E0 = Ud−2∆ = −2µ0tp. Simplification in this case is as follows: linear
combination of |ψ〉 and |ϕ〉 (3.2) singlets
|c2〉 = (1/
√
2)(|ψ〉 − |ϕ〉) (5.8)
does not hybridize with the qd singlet |χ〉 (3.2). After diagonalization of H2loc we have:
H2loc =
∑
l
{
E−X
c1c1
l + E0X
c2c2
l + E+X
c3c3
l
+2µ0tpX
ϕ˜ϕ˜
l + E˜−

X c˜c˜l + ∑
m=±1,0
X t1m t1ml

 (5.9)
+E˜+

X b˜b˜l + ∑
m=±1,0
X t2m t2ml

− (∆ + µ0tp) ∑
m=±1,0
Xτm τml

 ,
where E± = −∆2 ± R, E0 = −2µ0tp, ∆2 = Ud/4 + 2µ0tp, E˜± = −∆˜ ± R1, ∆˜ = Ud/4,
R1 = (∆˜
2 + 4t2λ20)
1/2, and R = (∆˜2 + 16t2λ20)
1/2. Thus, the real hybridization parameter
is 16tλ0/Ud ! It means that the perturbation approach over t/Ud [5], [8] is unjustified for
this system. The states |c˜〉, |b˜〉, |t1〉 and |t2〉 are defined in Eq. (5.2)
|c1〉 = −a(|ϕ〉+ |ψ〉)/
√
2 + b|χ〉 , |c3〉 = b(|ϕ〉+ |ψ〉)/
√
2 + a|χ〉 ,
b = ((R + ∆˜)/2R)1/2 , a = ((R− ∆˜)/2R)1/2 , (5.10)
Since in this case ∆ =Ud/2+µ0tp, one can determine an adequate value of Ud at fixed t, tp
and J . In the case being considered, the experimental value of J is achieved at Ud = 8.13
eV and ∆ = 5.1 eV. Expressions for the parameters of the t-t′-J model are
Ec1 ≡ E− = −(Ud/4 + 2µ0tp)−R,
tll′ = 2tλll′(UV + ba) + tpµll′(aV + bU)
2/2 . (5.11)
The local energies and hopping parameters for this special case are given in Table IV.
The matrix F xyll′ and D
y
ll′ elements which are required for the derivation of corrections
to the energy E−, the hopping constants tll′ and the superexchange constant J are given
in Appendices A, B. As in the first limiting case, O-O hopping plays an important role
for the magnitude of effective hopping of the lowest c1-singlet. Correction to the energy
is close to 4.6%, correction to the first hopping constant is close to 2.5%. Thus, the
t-J model is valid with the same precision. Absolute magnitude of the second hopping
integral (hopping at the next-nearest neighbors) is small due to the partial compensation
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of the amplitudes of Cu-O and O-O hopping (see Eq. (5.11) and Table IV). As a result,
correction to them is rather large ≈ 78%, and the t-t′-J model is not valid. Relative
magnitude of terms with transition at the next neighbors (farther than nearest) is of the
order of 10%. This is also the parameter of accuracy of the t-J model as the low-energy
limit of the three-band model.
VI. The general case
In this part of the work we consider reduction of the three-band model to the effective
t-t′-J model in the general region of parameters when the charge transfer insulator is the
ground state of undoped system. The general case differs from the special case considered
above only by the absence of degeneracy of the local |dd〉 and |qq〉 two-hole states. The
local Hamiltonian is defined by Eq.(5.7) with Eψ =Ud − 2∆ and Eϕ = −2µtp. We stress
that Eψ 6= Eϕ in this case. The expression for the diagonalized Hamiltonian H2loc coincides
completely with Eq.(5.9) but the eigenstates |ci〉 have the more general form
|ci〉 = Ui|ψ〉+ Vi|ϕ〉+Wi|χ〉, (6.1)
where coefficients Ui, Vi,Wi are determined from the solution of a system of three lin-
ear equations. The energies E−, E0, E+ are roots of the corresponding cubic equation.
Effective hopping parameters are
tll′ = 2tλll′(
√
2U1U −W1V )(
√
2V1V −W1U) + tpµll′(
√
2V1V −W1U)2/2 , (6.2)
Other matrix elements which are required for the derivation of the constants F x,yll′ (4.5),
(4.3), (4.12) and Dyll′ (4.6), (4.15), (4.16) are presented in Appendices A,B.
Parameters of the effective t-t′-J model are calculated at the following values of pa-
rameters of the three-band model: t = 1.4 eV, tp = 0.7 eV, Ud = 8 eV and ∆ = 5.1 eV
according to different band calculations [13, 14, 21] and the detailed analysis of experiment
[22].
In Table V the magnitudes of the hopping parameters at the first four neighbors are
given. The important role of O-O hopping is shown: for the first hopping parameter it is
close to 30%, for others is close to 50%. Relative magnitudes of corrections to the energy
and first hopping are 3% and 2.5% respectively. Thus, the t-J model is valid with the
same precision. Due to compensation of contribution of the p − d and p − p hopping to
the effective hopping integral at the second neighbors (they have the opposite sign), the
correction to it is not small (82%). Thus, the model with transitions at the neighbors
farther than nearest must include the terms of the form (4.9), which depend on filling and
the spin state of neighbor sites.
Applicability of a perturbation scheme in the realistic region of parameters of the
three-band model is provided by smallness of the ratio of the effective hopping parameters
between different local states to the energy gap between them. This ratio is of the order
of 10% which gives the accuracy of the t-J model for the CuO2 plane. Relative magnitude
of the t′ -terms (hopping at the next neighbors) in the t-t′-J model is also of the order of
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10%. In Table V the fundamental ratio t1/J = 4.2 for Ud = 8 eV is presented. It only
weakly depends on Ud and ∆. This value is slightly larger than the generally accepted
t/J ≈ 3.
Different parameters of the three-band model are known with different accuracy. No-
tice that the value of the superexchange constant for La2CuO4 is known with high accu-
racy which imposes restrictions on the values of the parameters of the three-band model.
Therefore one can try to determine the value of the least known parameter ∆ as a function
of other parameters of the model. At fixed values of t and tp presented above and J = 126
meV we get ∆ as a function of Ud in the physically reasonable region: ∆ ≤ Ud ≤ 12 eV
in Fig. 1. One can see that the reasonable region of ∆ lies between 4.75 eV and 5.75
eV which is in complete agreement with the band calculations of Sushkov and Flambaum
[15] but larger than the generally accepted value ∆ = 2.75− 3.75 eV [22].
VII. Inclusion of Vpd and Up terms
Here we consider the role of the intrasite repulsion at the oxygens Up and the intersite
repulsion Vpd. We suppose that the main effect is taken into account ( strong hybridiza-
tion d- and q-states), so that one can take the above named terms as the perturbation.
Therefore, we do not consider the contribution of these terms to the second-order correc-
tions to the energies and the hopping integrals of the form (4.7), (4.9). Our aim is to
get the renormalization of the first hopping integral and the charge-transfer energy due
to the Hamiltonian ∆H (2.2). Using the representation (2.7) for ql and q˜l operators one
can easily get
∆Hpd = Vpd
∑
l,l1,l2,α,β
ndlα
{
fqq(l1 − l, l2 − l)q+l1,βql2,β
+ fq˜q(l1 − l, l2 − l)[q˜+l1,βql2,β +H.c.] (7.1)
+fq˜q˜(l1 − l, l2 − l)q˜+l1,β q˜l2,β
}
,
Since we are interested in the renormalization of the lowest singlet parameters, we can
omit all terms with antisymmetrical oxygen operators q˜. Similar procedure for Up - term
leads to
∆H = Vpd
∑
l,l1,l2,α,β
fl,l1,l2n
d
lαq
+
l1,β
ql2,β
+Up
∑
l,l1,l2,l3
hl,l1,l2,l3(q
+
l,↑ql1,↑)(q
+
l2,↓
ql3,↓) , (7.2)
where fl,l1,l2 = fqq(l1 − l, l2 − l), hl,l1,l2,l3 = h(l1 − l, l2 − l, l3 − l), and
fqq(l1 − l, l2 − l) =
∑
k,k′
fk,k′ exp(ik(l1 − l)− ik′(l2 − l))
h(l1 − l, l2 − l, l3 − l) =
∑
k,k′,k′′
hk,k′,k′′ (7.3)
exp(ik(l1 − l)− ik′(l2 − l) + ik′′(l3 − l))
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with
fk,k′ = 2{cos(kx/2) cos(k′x/2) cos((kx − k′x)/2) + (x→ y)}(1 + γk)−1/2(1 + γk′)−1/2
hk,k′,k′′ = 2{cos(kx/2) cos(k′x/2) cos(k′′x/2) cos((kx + k′x − k′′x)/2) (7.4)
+(x→ y)}(1 + γk)−1/2(1 + γk′)−1/2(1 + γk′′)−1/2(1 + γk+k′−k′′)−1/2 .
Thus, we have the four-fermion terms with the complicated relation between many states
at different sites. All later arguments are based on a very rapid decrease of the constant
fll′ and hl,l1,l2,l3 with |ln − l|. Our calculation gives f0 ≡ f(0, 0) = 0.9180, f1 = f(1, 0) =
f(0, 1) = 0.1343, and Sf ≡ ∑l1 6=l2 6=l fl1,l2,l3 = 0.0092; h0 ≡ h(0, 0, 0) = 0.29 and h1 ≡
h(1, 0, 0) = h(0, 1, 0) = h(0, 0, 1) = 0.0096. Therefore, one can turn from (7.2) to the
effective Hamiltonian
∆Heffloc = Vpd
∑
ll′,α,β
fll′n
d
lαn
q
l′β + Up
∑
ll′
hll′n
q
l↑n
q
l′↓ ,
∆Heffhop = Vpdf1
∑
〈ll′〉,α,β
ndlα{q+l,βql′,β +H.c.} (7.5)
+Uph1
∑
〈ll′〉
{
nql↑{q+l,↓ql′,↓ +H.c.}+ nql↓{q+l,↑ql′,↑ +H.c.}
}
,
where in ∆Heffloc fll′ ≡ f(l′ − l, l′ − l).
Let us consider the system at unit filling and calculate the shift of the energies of the
local states due to ∆Heffloc . At unit filling there is the state |fα〉 = U |dα〉−V |qα〉 at each
site. Hence, the shift of the energy of d - hole at the site l will be
∆ǫd = VpdV
2
∑
l 6=l′
fll′ = VpdV
2(2− f0) (7.6)
for the ql state
∆ǫq = VpdU
2(2− f0) + UpV 2(1/2− h0) (7.7)
numbers 2 and 1/2 are the sums over all l′ for fl′,l and hl′,l respectively. The coefficients
U and V are defined in Eq.(3.8) with
R1 = (∆˜
2 + 4t2λ20)
1/2, ∆˜ = (ǫq − ǫd)/2 , (7.8)
Thus, Eqs.(7.5), (7.6), (7.7), and (7.8) are the system of equations, which can be solved
numerically. After solving we have new values U˜ and V˜ , and consider one hole over unit
filling. It is easy to get the shift of the local energies of the additional hole. For some
details see Appendix D.
The matrix elements of ∆Heffhop (7.4) produce the addition to the first hopping integral.
∆t1 = (−f1VpdU˜W1 +
√
2h1UpV˜ V1)(W1U˜ −
√
2V1V˜ ) (7.9)
The expressions for the matrix elements ∆Dyll′ which are essential for the constant J (4.14),
are given in Appendix B.
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Different band calculations [13, 14, 21] give the consistent magnitudes for Vpd and Up:
Vpd = 1.2 eV, Up = 4 eV. The calculations present no special problems. Fig. 2 and Table
VI present our results. The lower curve in Fig. 2 demonstrates that for reasonable region
of Ud (5 − 11 eV), at fixed Vpd, Up, t and tp, ∆ varies in the region 2.5 − 3.5 eV, which
coincides very well with the band calculations [21] and analysis of experiments [22].
Different contributions to the first hopping parameter t1 are presented in Table VI for
Ud = 8.0 eV and ∆ = 3.0 eV. Inclusion of ∆H tends to decrease t1. The ratio t1/J = 3.38,
which is close to the results of the other works [14, 18].
VIII. Stability of the system
There are few conditions which determine stability of the system under study. One
can take an analogy from the classical Hubbard system: the energy of two electrons at
different sites ({1l, 1l′}) is lower than the energy of two electrons at the same site and
an empty site ({2l, 0l′}) by the energy of the Hubbard intrasite repulsion UH . Thus, the
ground state of the system at unit filling is the state with one electron per site which is
a dielectric if UH is sufficiently larger than band width wzt, where z is the number of
neighbors and w is the constant of the order of unity.
Since we have reduced our problem to the system of the Hubbard type but with many
states at each site, we can formulate the stability conditions in terms of energies of these
states. The conditions will be
E2 + E0 − 2E1 > 0 (8.1)
and
E3 + E1 − 2E2 > 0 , (8.2)
where the indexes n = 1, 2, 3 denote the states with n holes at site. From this one can
easily get the charge-transfer gap (an analogue of UH) as the difference between (E
2+E0)
and 2E1, where E2 is the energy of the lowest singlet and E1 is the energy of the lowest
one-hole state
∆E(2, 0− 1, 1) = E− + E0 − 2Ef = 3.2 eV > 0 (8.3)
for the above mentioned parameters.
An interesting quantity is also the difference between ({2l, 2l′}) and ({3l, 1l′}) states
∆E(3, 1− 2, 2) = E3 + Ef − 2E− = 2.7 eV . (8.4)
where E3 is the lowest three-hole state (see Appendix C). This energy difference ∆E(3, 1−
2, 2) is also analogue of the energy of the Hubbard repulsion UH .
18
IX. Conclusion
We conclude by summarizing our results. We have studied the low-energy properties
of the CuO2 plane near unit filling in the framework of the three-band model. We have
considered the full three-band model in the form that was put forward by Emery [2],
in the realistic region of the parameters, without any additional assumptions about the
smallness of some of them.
Thus, we have taken into account the direct O-O hopping, intrasite repulsion at the
oxygens Up, and intersite repulsion Vpd, which have not been considered earlier. We have
presented the consistent approach to the mapping of the three-band model to it low-energy
limit. Following the idea of Zhang and Rice [5], we expressed the primary Hamiltonian in
terms of symmetrical and antisymmetrical oxygen states. Next, we turned to the terms
of the local states with certain number of the particles and transition between them. The
diagonalization of the local part of the Hamiltonian provided the set of eigenstates. The
lowest of them is the singlet state with the energy well below than others. We have derived
the low-energy Hamiltonian for the lowest singlet and its transitions (t-t′-J model), and
have taken into account all upper states by the special type of the unitary transformation.
Thus, we obtained the effective single-band Hamiltonian which is essentially the t-J
model one. Transitions to the next neighbors are not simple hopping due to the important
role of the correction, which has a complicated structure.
Our approach allows to establish the quantitative boundary of the validity of the t-J
model as the low-energy limit of the three-band model, to get the corrections to it in an
explicit form, and to take into account the transitions at the next neighbors. It is evident,
that one can determine the value of the charge- transfer energy ∆ from the well defined
value of J at fixed other parameters of the three-band model. We have established that
∆ varies in a narrow region of energies.
The lowest one-hole state for the undoped CuO2 plane is (3.8)
|fα〉 = U |dα〉 − V |qα〉 α =↑, ↓ . (9.1)
The lowest two-hole singlet state for the doped CuO2 plane is (6.1)
|c1〉 = U1|d ↑ d ↓〉+ V1|q ↑ q ↓〉+W1(|d ↑ q ↓〉 − |d ↓ q ↑〉)/
√
2 (9.2)
where |dα〉 is the state of a hole at the copper with projection α ; |qα〉 is the state of a
hole at the symmetrical oxygen which represents the Wannier state formed from the four
oxygen states around the copper ion; |d ↑ d ↓〉 , |q ↑ q ↓〉 and (|d ↑ q ↓〉 − |d ↓ q ↑〉)/√2
are the two-hole singlet states.
The following set of parameters of the three band model (2.1) - (2.3) seems the most
acceptable at present: ∆ = ǫp − ǫd = 3 eV, Ud = 8 eV, Up = 4 eV, Vpd = 1.2 eV, t = 1.4
eV, tp = 0.7 eV.
For this set of parameters of the three band model we have the following values of the
coefficients U, V, U1, V1, W1 (9.1), (9.2) which determine the probability of location of
holes at the copper and the oxygen: U = 0.85, V = 0.52, U1 = -0.38, V1 = -0.64, W1 =
0.67.
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The fundamental parameters of the t-J model t1 and J are : t1 = 0.427 eV, J = 0.126
eV and t1/J = 0.34.
The charge transfer gap ∆E = 3.2 eV and the effective Hubbard repulsion of holes
UH = 2.7 eV.
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Appendix A: Matrix elements for the singlet tran-
sitions
Here we present the explicit form for the matrix elements of the transition of the
additional hole from the lowest to excited states. Thus,
F xβ,yll′,α = 〈ly|〈l′xβ||Hhop||cl′〉|fαl〉 , (A.1)
where Hhop determined in eq.(2.10). A generator of the S −W transformation is
S = − ∑
ll′αβ
∑
y
′
F fβ,yll′,α
Ey −E−
{
Xy,fαl X
fβ,c
l′ −H.c.
}
− ∑
ll′αβ,y
F gβ,yll′,α
Ey −E− + ǫg − ǫf
{
Xy,fαl X
gβ,c
l′ −H.c.
}
. (A.2)
As was noted, the spin structure of the matrix elements can be separated out (see Eqs.
(4.11), (4.12)). So, for the first limiting case (Sec. V.A) the matrix elements are
F f,bll′ = 2tλll′V (Uab − (b2 − a2)V/
√
2)− tpµll′(V b
√
2− Ua)(Ub + V a
√
2)/2 ,
F f,τll′ = 2tλll′V
2a− tpµll′U(Ub + V a
√
2)/
√
2 ,
F f,c˜ll′ = tpνll′(Ub+ V a
√
2)/2 ,
F f,t1ll′ = −tpνll′(Ub + V a
√
2)/
√
2 ,
F f,b˜ll′ = F
f,ϕ˜
ll′ = F
f,t2
ll′ ≡ 0 , (A.3)
F g,cll′ = 2tλll′(b(U
2 − V 2)/2 + aUV
√
2)− tpµll′(V b−
√
2Ua)(Ub + V a
√
2)/2 ,
F g,bll′ = tλll′(ab(U
2 − V 2)− UV (b2 − a2)
√
2)− tpµll′(Ua− V b
√
2)(V b− Ua
√
2)/2 ,
F g,τll′ = −
√
2tλll′V (b− UV a
√
2) + tpµll′U(V b−
√
2Ua)/
√
2 ,
F g,c˜ll′ = −tpνll′(V b− Ua
√
2)/2 ,
F f,t1ll′ = −tpνll′(V b− Ua
√
2)/
√
2 ,
F g,b˜ll′ = F
g,ϕ˜
ll′ = F
g,t2
ll′ ≡ 0 .
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For the second limiting case (Sec. V.B.) there are matrix elements only with x = f
F f,bll′ = −
√
2tλll′(b
2 − a2) + tpµll′ba/2 ,
F f,τll′ = 2tλll′a+ tpµll′b/
√
2 ,
F f,χ˜ll′ = tpνll′b/2 , (A.4)
F f,τ˜ll′ = tpνll′b/
√
2 .
The matrix elements for the third case (Sec. V.C.)
F f,c2ll′ = tλll′b(U
2 − V 2)− tpµll′V (Ub+ V a)/2 ,
F f,c3ll′ = tλll′(b
2 − a2) + tpµll′((b2 − a2)V U − (U2 − V 2)ba)/2 ,
F f,τll′ =
√
2tλll′(U
2 − V 2)a + tpµll′U(Ub+ V a)/
√
2 ,
F f,c˜ll′ = −tpνll′(Ub + V a)/2 ,
F f,t1ll′ = −tpνll′(Ub + V a)/
√
2 ,
F f,b˜ll′ = F
f,ϕ˜
ll′ = F
f,t2
ll′ ≡ 0 , (A.5)
F g,c1ll′ = tλll′(U
2 − V 2)− tpµll′(V b− Ua)(Ub + V a)/2 ,
F g,c2ll′ = tλll′(2UV b− a)− tpµll′(V b− Ua)V/2 ,
F g,c3ll′ = tpµll′(Ua− V b)2/2 ,
F g,τll′ =
√
2tλll′V (2UV a− b) + tpµll′U(V b− Ua)/
√
2 ,
F g,c˜ll′ = −tpνll′(V b− Ua)/2 ,
F f,t1ll′ = −tpνll′(V b− Ua)/
√
2 ,
F g,b˜ll′ = F
g,ϕ˜
ll′ = F
g,t2
ll′ ≡ 0 .
The matrix elements for the general case (Sec.VI.) are
F f,cill′ = −tλll′[(
√
2UiU −WiV )(
√
2V1V −W1U) + (
√
2ViV −WiU)(
√
2V1V −W1U)]
−tpµll′(
√
2ViV −WiU)(
√
2V1V −W1U)/2 ,
F g,cill′ = −tλll′[(
√
2U1V +W1U)(
√
2ViV −WiU)− (
√
2V1U +W1V )(
√
2UiU −WiV )]
+tpµll′(
√
2V1U +W1V )(
√
2V1V −W1U)/2 , (A.6)
where i = 1, 2, 3 is the number of the singlet from q − d sector. Other matrix elements
are
F f,τll′ = 2tλll′(U1V
2 − U1U2)− tpµll′U(
√
2V1V −W1U)/
√
2 ,
F f,c˜ll′ = tpνll′(
√
2V1V −W1U)/2 ,
F f,t1ll′ = −tpνll′(
√
2V1V −W1U)/
√
2 ,
F f,b˜ll′ = F
f,ϕ˜
ll′ = F
f,t2
ll′ ≡ 0 , (A.7)
F f,τll′ = −
√
2tλll′(W1 + (U1 + U1)UV
√
2) + tpµll′U(
√
2V1U +W1V )/
√
2 ,
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F g,c˜ll′ = −tpνll′(
√
2V1U +W1V )/2 ,
F g,c˜ll′ = −tpνll′(
√
2V1U +W1V )/
√
2 ,
F g,b˜ll′ = F
g,ϕ˜
ll′ = F
g,t2
ll′ ≡ 0 .
Appendix B: Matrix elements for the virtual tran-
sitions
For the case of unit filling we need to determine the matrix elements of the virtual
transition of a hole at neighboring clusters. Thus, we are interested in the following
quantities
Dyll′,αβ = 〈ly|〈l′0||Hhop||fαl′〉|fβl〉 . (B.1)
The spin structure can be separated out (see Eqs. (4.15), (4.16)). A generator of the
S −W transformation has the form
S = − ∑
ll′αβ,y
Dyll′,αβ
Ey + E0 − 2ǫf
{
Xy,fαl X
0,fβ
l′ −H.c.
}
. (B.2)
For the first limiting case (Sec.V.A.)
Dcll′ =
√
2tλll′(b+ aUV
√
2) + tpµll′V (Ub + V a
√
2)/
√
2 ,
Dbll′ =
√
2tλll′(a− bUV
√
2) + tpµll′V (Ua− V b
√
2)/
√
2 ,
Dτll′ = 2tλll′(U
2 − V 2) + tpµll′UV ,
Dc˜ll′ = tpνll′V/
√
2 , (B.3)
Dt1ll′ = tpνll′V ,
Db˜ll′ = D
ϕ˜
ll′ = D
t2
ll′ ≡ 0 .
For the second limiting case (Sec.V.B.)
Dcll′ = −
√
2tλll′b ,
Dbll′ = −
√
2tλll′a , (B.4)
Dτll′ = −2tλll′ ,
Dχ˜ll′ = D
τ˜
ll′ ≡ 0 .
For the third limiting case (Sec.V.C.)
Dc1ll′ =
√
2tλll′(b+ 2aUV ) + tpµll′V (Ub + V a)/
√
2 ,
Dc2ll′ = tpµll′V
2/
√
2 ,
Dc3ll′ =
√
2tλll′(2bUV − a)− tpµll′V (Ua− V b)/
√
2 ,
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Dτll′ = 2tλll′(U
2 − V 2) + tpµll′UV ,
Dc˜ll′ = tpνll′V/
√
2 , (B.5)
Dt1ll′ = tpνll′V ,
Db˜ll′ = D
ϕ˜
ll′ = D
t2
ll′ ≡ 0 .
For the general case (Sec. VI.) matrix elements are
Dcill′ = −
√
2tλll′(
√
2UV (Ui + Vi)−Wi)− tpµll′(
√
2ViV −WiU)V/
√
2 ,
Dτll′ = 2tλll′(U
2 − V 2) + tpµll′UV ,
Dc˜ll′ = tpνll′V/
√
2 , (B.6)
Dt1ll′ = tpνll′V ,
Db˜ll′ = D
ϕ˜
ll′ = D
t2
ll′ ≡ 0 .
The additions to the matrix elements from Up and Vpd terms, which are essential for
calculation of J (Sec. VII)
∆Dc1〈ll′〉 = Vpdf1UVW1 − Uph1V1V 2 ,
∆Dτ〈ll′〉 = Vpdf1UV . (B.7)
Appendix C: Three-hole states
There are twenty of the three-hole cluster states
|Ψqα〉 ≡ q+α d+↑ d+↓ |0〉 , |Ψq˜α〉 ≡ q˜+α d+↑ d+↓ |0〉 ,
|Φdα〉 ≡ d+αq+↑ q+↓ |0〉 , |Φq˜α〉 ≡ q˜+α q+↑ q+↓ |0〉 , (C.1)
|Φ˜dα〉 ≡ d+α q˜+↑ q˜+↓ |0〉 , |Φ˜qα〉 ≡ q+α q˜+↑ q˜+↓ |0〉 ,
and
|Λαβγ〉 ≡ d+αq+β q˜+γ |0〉 .
THe hybridization term (2.10) provides the transitions only between
|Φ˜dα〉 ↔ |Φ˜qα〉 ,
|Ψqα〉 ↔ |Φdα〉 , (C.2)
and
|Ψq˜α〉, |Φq˜α〉 ↔ (2σ)|Λσ−σα〉 .
Four other states |Λσσα〉 are noninteracting and degenerating in energy
E3Λσσα = −∆ (C.3)
counted from ǫp = 0.
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By diagonalization of the Hamiltonian (2.10) one can easily get that the eigenfunctions
|Ψq˜α〉, |Φq˜α〉 , and |Λσ−σα〉 in the three-holes sector are connected with the q − d sector of
the two-hole states (5.9). Three-hole eigenfunctions are
|Gα,i〉 ≡ q˜+α |ci〉 , (C.4)
and their energies
E3(Gα,i) ≡ E2+q˜i = µ0tp + E2i , (C.5)
where E2i ≡ E±,0 are the energies of the local singlets (6.1). Diagonalization of the other
sectors (C.2) provides the eigenenergies
E˜3± = −(∆ + 3µ0tp)/2±
(
((∆− µ0tp)/2)2 + 4t2λ20
)1/2
, (C.6)
for the (Φ˜dα, Φ˜
q
α) sector
E3± = −(Ud − 3∆− 3µ0tp)/2±
(
((Ud −∆+ µ0tp)/2)2 + 4t2λ20
)1/2
, (C.7)
and for the (Ψqα,Φ
d
α) sector.
Since we are interested in the lowest three-hole state, we analyze the spectrum of the
energies (C.5), (C.6). For a wide region of Ud and ∆
E2+q˜1 < E
3
− , (C.8)
and all other states lie much higher. Renormalization of these energies due to the Up and
Vpd terms remains all our consideration to be correct.
For the above mentioned parameters Ud = 8 eV, ∆ = 3 eV, Up = 4 eV, and Vpd = 1.2
eV one can get
E2+q˜1 = −0.5 eV ,
E3− = −3.73 eV . (C.9)
Thus, the Hubbard repulsion UH is
UH = E
3 + E1 − 2E2 = −3.73− 4.27 + 2 · 5.36 ≃ 2.7 eV . (C.10)
Appendix D: Shifts of energies of the two-hole states
Shifts of energies of the primary set of the two-hole states, due to Up and Vpd terms are
∆Eϕ = 2VpdU
2(2− f0) + Up(h0 + V 2(1/2− h0)) ,
∆Eψ = 2VpdV
2(2− f0) ,
∆Eχ = 2Vpd + UpV
2(1/2− h0)) , (D.1)
∆Eτ = 2Vpd + UpV
2(1/2− h0)) .
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TABLE I.
Coefficients λ(l− l′), µ(l− l′), and ν(l− l′) as functions of (l− l′) = nx+my .
n,m λn,m = λm,n µn,m = µm,n νn,m = −νm,n
0 , 0 0.9581 1.4567 0.0
1 , 0 0.1401 0.5497 0.2678
1 , 1 -0.0235 0.2483 0.0
2 , 0 -0.0137 -0.1245 0.0812
2 , 1 0.0069 -0.0322 0.0609
2 , 2 0.0035 0.0231 0.0
TABLE II.
Energies of the local states, the first four hopping parameters, the second-order corrections to
them on a ferromagnetic background, correction to the energy E−, the superexchange constant
J , the ratio of (t1/J) for the case ∆ ≪ Ud at ∆ = 3.66 eV.
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one-hole local Ef = −5.33 Eg = −0.65 Eq˜ = 1.02
energies, (eV)
two-hole local E− = −7.38 E+ = 6.57 Eτ = −4.68
energies, (eV) E˜− = −4.31 E˜+ = 1.67 Eϕ˜ = 2.04
neighbor direct hopping contribution of contribution of second-order
number, parameters, direct O-O hopping, Cu-O hopping, corrections,
n tn, (eV) t
pp
n , (eV) t
pd
n , (eV) δtn, (%)
1 0.43 0.24 0.19 3.1
2 0.078 0.11 -0.032 9.6
3 -0.074 -0.055 -0.019 14.4
4 0.005 -0.014 0.009 110.
correction to superexchange ratio
the energy E−, (%) constant J , (meV) |t1/J |
4.1 126.1 3.4
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TABLE III.
Energies of the local states, the hopping parameters at the first four neighbors, the second-
order corrections to them on a ferromagnetic background, correction to the energy E−, the
superexchange constant J , and the ratio t1/J for the case Ud − ∆ ≪ Ud at Ud = 8 eV,
∆ = 3.65 eV.
one-hole local Ef = −3.65
energies, (eV)
two-hole local E− = −6.63 E+ = 2.66 Eτ = −4.68
energies, (eV) Eχ˜ = −2.63 Eτ˜ = −2.63
neighbor direct hopping contribution of contribution of second-order
number, parameters, direct O-O hopping, Cu-O hopping, corrections,
n tn, (eV) t
pp
n , (eV) t
pd
n , (eV) δtn, (%)
1 0.38 0.15 0.23 4.6
2 0.030 0.068 -0.038 313.
3 -0.057 -0.034 -0.022 91.
4 0.0022 -0.0089 0.011 165.
correction to superexchange ratio
the energy E−, (%) constant J , (meV) |t1/J |
13.0 126.6 3.0
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TABLE IV.
Energies of the local states, the hopping parameters at the first four neighbors, the second-
order corrections to them on a ferromagnetic background, correction to the energy E−, the
superexchange constant J , and the ratio t1/J for the special case at Ud = 8.13 eV.
one-hole local Ef = −6.42 Eg = 0.31 Eq˜ = 1.02
energies, (eV)
two-hole local E− = −9.81 E0 = −2.04 E+ = 1.66 Eτ = −6.10
energies, (eV) E˜− = −5.40 E˜+ = 1.33 Eϕ˜ = 2.04
neighbor direct hopping contribution of contribution of second-order
number, parameters, direct O-O hopping, Cu-O hopping, corrections,
n tn, (eV) t
pp
n , (eV) t
pd
n , (eV) δtn, (%)
1 0.53 0.19 0.34 2.5
2 0.028 0.085 -0.057 79.5
3 -0.076 -0.043 -0.033 22.9
4 0.0056 -0.011 0.0166 25.2
correction to superexchange ratio
the energy E−, (%) constant J , (meV) |t1/J |
4.66 126.2 4.18
30
TABLE V.
Energies of the local states, the hopping parameters at the first four neighbors, the second-
order corrections to them on a ferromagnetic background, correction to the energy E−, the
superexchange constant J , and the ratio t1/J for the general case at Ud = 8 eV, ∆ = 5.1 eV.
one-hole local Ef = −6.43 Eg = 0.31 Eq˜ = 1.02
energies, (eV)
two-hole local E− = −9.85 E0 = −2.12 E+ = 1.61 Eτ = −6.12
energies, (eV) E˜− = −5.41 E˜+ = 1.33 Eϕ˜ = 2.04
neighbor direct hopping contribution of contribution of second-order
number, parameters, direct O-O hopping, Cu-O hopping, corrections,
n tn, (eV) t
pp
n , (eV) t
pd
n , (eV) δtn, (%)
1 0.528 0.187 0.341 2.5
2 0.0274 0.0846 -0.0572 82.2
3 -0.0758 -0.0424 -0.0334 23.0
4 0.0057 -0.011 0.0167 24.8
correction to superexchange ratio
the energy E−, (%) constant J , (meV) |t1/J |
3.02 126.4 4.18
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TABLE VI.
Contributions of p − d hopping, p − p hopping, Vpd and Up terms to the effective hopping
parameter of the lowest singlet at the nearest neighbors, the superexchange constant J and the
ratio t/J at Ud = 8 eV, Up = 4 eV, Vpd = 1.2 eV, ∆ = 3.0 eV.
effective hopping p− d p− p Vpd Up
parameter, contribution, contribution, contribution, contribution,
t1, (eV) (eV) (eV) (eV) (eV)
0.427 0.351 0.202 -0.113 -0.013
superexchange ratio
constant J , (meV) |t1/J |
126.26 3.38
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